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1. INTRODUCTION
w xIn 1935, Landau and Lifshitz 1 proposed the following coupled system
of the nonlinear evolution equation
Z s a Z q DZ q H y a Z = Z = DZ q H , 1.1 .  .  . .t 1 2
­ E
= = H s q s E, 1.2 .
­ t
­ H ­ Z
= = E s y y b , 1.3 .
­ t ­ t
= ? H q b = ? Z s 0, = ? E s 0, 1.4 .
 .where a , a , s , b are constants, a G 0, s G 0, Z x, t s1 2 2
  .  .  ..z x, t , z x, t , z x, t denotes the microscopic magnetization field,1 2 3
  .  .  ..  .H s H x, t , H x, t , H x, t the magnetic field, E x, t s1 2 3
  .  .  .. eE x, t , E x, t , E x, t the electric field, H s DZ q H the effective1 2 3
n  2 2 .  .magnetic field, D s  ­ r­ x , = s ­r­ x , ­r­ x , . . . , ­r­ x , ``=''is1 i 1 2 n
the cross product of the vector in R3.
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If H s 0, E s 0, we obtain the Landau]Lifshitz system with Gilbert
term
Z s a Z = DZ y a Z = Z = DZ , 1.5 .  .t 1 2
w xwhere a ) 0 is a Gilbert damping coefficient. In 2]4 , the properties of2
 .the solution for the system of Eq. 1.5 and the closed new links between
the solution and the harmonic map on the compact Riemann manifold
 .have been studied extensively. When a s 0, the system of Eq. 1.52
becomes
Z s a Z = DZ. 1.6 .t 1
In the case of n s 1, it is an integral system, and has soliton solutions. In
w x  .5]13 , the authors have studied in detail the solitons for 1.6 and the
interaction among solitons, the infinite conservative laws, the inverse
scattering method, and the relation with the nonlinear Schrodinger equa-È
w x  .tions. As pointed out in 20 , the system of Eq. 1.6 is a strongly coupled
w xdegenerate quasilinear parabolic system. In 14]22 , we have investigated
extensively the classic and generalized solutions to the initial value prob-
lem and other kinds of boundary value problems for the system of Eq.
 .1.6 , and some properties of the solutions, and further obtained the global
generalized solutions for n G 2.
w xIn 23 the existence and uniqueness of the global smooth solution for
the periodic initial value problem and initial value problem of the Lan-
 .  .dau]Lifshitz]Maxwell system 1.1 ] 1.4 with one and two space dimen-
sions are proved.
In this paper we shall study the existence of the global generalized
solutions for the three dimensional Landau]Lifshitz]Maxwell system
 .  .1.1 ] 1.4 with the periodic initial value condition,
Z x q 2 De , t s Z x , t , H x q 2 De , t s H x , t , .  .  .  .i i
1.7 .3E x q 2 De , t s E x , t x g V ; R , t G 0 .  .  .i
Z x , 0 s Z x , H x , 0 s H x , .  .  .  .0 0
1.8 .3E x , 0 s E x x g V ; R .  .  .0
or with the initial value condition,
Z x , 0 s Z x , H x , 0 s H x , E x , 0 s E x , x g R3 , .  .  .  .  .  .0 0 0
1.9 .
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 .  .where x q 2 De s x , . . . , x , x q 2 D, X , . . . , x i s 1, 2, 3 , D )i 1 iy1 i iq1 n
0, V ; R3 represents the three dimensional cube with width 2 D along
  . < < 4  .each direction, i.e., V s x s x , x , x , x F D, i s 1, 2, 3 , Q s x, t ,1 2 3 i T
4x g V, 0 F t F T .
In Section 2 we use the Galerkin method to establish the a priori
estimate for the approximate solution. In Section 3 the existence of the
generalized solution is proved.
w xRemark. In 24 A. Visintin studied the initial boundary value problem
 .  .  .for the system 1.1 ] 1.4 , where Z x, t is defined on the bounded domain
V ; R3, and E and H are defined on R3. But there are faults in the
argument since he adopted the unified base functions in his proof.
2. APPROXIMATE SOLUTIONS AND
A PRIORI ESTIMATES
We use the Galerkin method to establish the existence of the approxi-
 .  .  .  .mate solution for the problem 1.1 ] 1.4 , 1.7 , 1.8 .
 .  .Let w x n s 1, 2, ??? be the unit eigenfunctions satisfying the equa-n
 .  . tion Dw q l w s 0, with periodicity w x y De s w x q De i sn n n n i n i
.  .1, 2, 3 , and l n s 1, 2, ??? the corresponding eigenvalues different fromn
  .4 2each other. w x consists of the orthonormal base in L .n
 .  .  .  .Denote the approximate solution of the problem 1.1 ] 1.4 , 1.7 , 1.8
 .  .  .by Z x, t , H x, t , E x, t in the formN N N
N
Z x , t s a t w x , .  .  .N sN s
ss1
N
H x , t s b t w x , .  .  .N sN s
ss1
2.1 .
N
E x , t s g t w x , .  .  .N sN s
ss1
 .  .  .  q.  .where a t , b t , g t t g R s s 1, 2, . . . , N; N s 1, 2, . . . aresN sN sN
the three dimensional vector-valued functions satisfying the following
system of ordinary differential equations of first order
Z w x dx s a Z = DZ q H ? w x dx .  .  .H HN t s 1 N N N s
V V
y a Z = Z = DZ q H w x dx , 2.2 .  .  . .H2 N N N N s
V
LANDAU]LIFSHITZ]MAXWELL EQUATIONS 329
H q b Z w x dx s y = = E ? w x dx , 2.3 .  .  .  .H HN t N t s N s
V V
E w x dx q s E ? w x dx s = = H ? w x dx , 2.4 .  .  .  .H H HN t s N s N s
V V V
and the initial condition
Z x , 0 w x dx s Z x w x dx , .  .  .  .H HN s 0 s
V V
H x , 0 w x dx s H x w x dx , .  .  .  .H HN s 0 s
V V
2.5 .
E x , 0 w x dx s E x w x dx. .  .  .  .H HN s 0 s
V V
Obviously there holds
Z w x dx s a X T , H w x dx s b X t , .  .  .  .H HN t s sN N t s sN
V V
E w x dx s g X t . .  .H N t s sN
V
By the following a priori estimate we know that there exists a global
solution for the initial value problem of the nonlinear ordinary differential
 .  . w xsystem 2.2 ] 2.5 on 0, T .
5 5 p 5 5For the sake of simplicity denote ? s ? , p G 2.L V . p
  .  .  ..  1 . 2 . 2 ..LEMMA 2.1. Assume Z x , H x , E x g H V , L V , L V ,0 0 0
 .  .a G 0. Then for the solution of the initial ¨alue problem 2.2 ] 2.5 there are2
the estimates
2 2 2
1 2 2sup Z ?, t q E ?, t q H ?, t F K , .  .  . .  .  .H V L V L VN N N 0
0FtFT
sup Z ?, t F K , sup Z ?, t = =Z ?, t F K , .  .  . 3r2N 0 N N 06
0FtFT 0FtFT
2.7 .
where the constant K is independent of N, a , and D. When a ) 0, there is0 2 2
X
2 2Z = DZ q H F K , 2.8 .  .  ..L 0, T ; L VN N N 0
where the constant K X is independent of N and D.0
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 .  .  .Proof. 1 Multiplying 2.2 by a t , and summing up the productssN
for s s 1, 2, . . . , N, we get
d 2
Z x , t dx s 0. .H Ndt V
Then
2 2 2
Z ?, t F Z ?, 0 F Z x . 2.9 .  .  .  .N N 02 2 2
 .   .  ..  .2 Making the scalar product of yl a t q b t with 2.2 ,s sN sN
summing up the resulting product for s s 1, 2, . . . , N, and noticing that
N
DZ q H s yl a q b w x .  .N N s sN sN s
ss1
we have
Z DZ q H dx .H N t N N
V
s ya Z = Z = DZ q H ? DZ q H dx .  . .H2 N N N N N N
V
2s a Z = DZ q H dx , .H2 N N N
V
i.e.,
1 d 2 2
=Z x , t dx q a Z = DZ q H .  .H N 2 N N N 22 dt V
y Z ? H dx s 0. 2.10 .H N t N
V
 .  .  .  .Making the scalar product of b t with 2.3 , and g T with 2.4 ,sN sN
respectively, adding the two equalities obtained, and then summing up the
resulting products for s s 1, 2, . . . , N, we get
1 d 2 2 2
E x , t q H x , t dx q s E ?, t .  .  .H  /N N N 22 dt V
q b Z ? H dx s 0. 2.11 .H N t N
V
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 .  .   . .From 2.10 and 2.11 multiply 2.1 by d it follows that0
d 1 d02 2 2 2< < < < < < 5 5=Z q E q H dx q sd E .H 2N N N 0 Ndt 2 2V
2q a Z = DZ q H q bd y 1 Z ? H dx s 0. .  .H2 N N N 0 N t N2
V
2.12 .
 .  .  .Multiplying 2.3 by bd y 1 a t , and summing up the products for0 sN
s s 1, 2, . . . , N, we obtain
1 d 2< <bd y 1 H q Z dx q b bd y 1 Z dx .  .H H0 N t N 0 N2 dtV V
q bd y 1 = = E ? Z dx s 0. 2.13 .  .H0 N N
V
 .  .Adding 2.12 and 2.13 gives
1 d 1 d2 2 2 2< < < < < < < <=Z q d E q H dx q b bd y 1 Z dx . .H HN 0 N N 0 N2 dt 2 dtV V
d 2q bd y 1 Z ? H dx q a Z = DZ q H .  .H0 N N 2 N N N 2dt V
2s ysd E ?, t q 1 y bd = = E ? Z dx .  .H0 N 0 N N2
V
2s ysd E ?, t q 1 y bd = = Z ? E dx .  .H0 N 0 N N2
V
21 y bd .02 2 2F ysd E ?, t q « E ?, t q =Z ?, t .  .  .0 N 0 N N2 2 24«0
« ) 0 . .0
Integrating the above inequality with respect to t we get
1 12 2 2
=Z ?, t q d E ?, t q H ?, t .  .  . /N 0 N N2 2 22 2
1 2q b bd y 1 Z ?, t q bd y 1 H x , t ? Z x , t Dx .  .  .  .  .H0 N 0 N N22 V
t 2q a Z = DZ q H dtb .H2 N N N 2
0
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1 1 12 2 2 25 5 5 5 5 5F =Z q d E q H q b bd y 1 Z . .2 2 20 0 0 0 0 022 2 2
t 2< < 5 5 5 5q bd y 1 H Z q « y sd E ?, t dt .  .2 2 H0 0 0 0 0 N 2
0
21 y bd . t0 2q =Z ?, t dt. 2.14 .  .H N 24« 00
Denote
1 12 2 25 5 5 5 5 5c s =Z q d E q H .2 2 20 0 0 0 02 2
1 25 5 < < 5 5 5 5q b bd d y 1 Z q bd y 1 H Z . . 2 2 20 0 0 0 02
 .  .Then, by 2.14 and 2.9
1 12 2 2
=Z ?, t q d E ?, t q H ?, t .  .  . /N 0 N N2 2 22 2
t 2q a Z = DZ q H dx .H2 N N N 2
0
b bd y 1 .0 2F c q Z ?, t .0 N 22
< <q bd y 1 H ?, t Z ?, t .  .0 N N2 2
21 y bd .t t02 2q « y sd E ?, t dt q =Z ?, t dt .  .  .H H0 0 N N2 24«0 00
2
d b bd y 1 bd y 1 .  .0 0 02 25 5F c q H ?, t q q Z . 20 N 02  /4 2 d0
21 y bd .t t02 25 5 5 5q « y sd E dt q =Z dt. .H 2 H 20 0 N N4«0 00
Therefore
1 d d0 02 2 2
=Z ?, t q H ?, t q E ?, t .  .  .N N N2 2 22 4 2
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t 2q a Z = DZ q H dt .H2 N N N 2
0
21 y bd .t t02 25 5 5 5F d q « y sd E q =Z dt , 2.15 .  .H 2 H 20 0 0 N N4«0 00
where
2
b bd y 1 bd y 1 .  .0 0 25 5d s c q q Z .20 0 0 /2 d0
 .When b ) 0, s G 0, we let d s 1rb , « s sd q 1r4 d . Then from0 0 0 0
 .2.15 it follows that
1 12 2 2
=Z ?, t q E ?, t q H ?, t .  .  . /N N N2 2 22 4b
t 2q a Z = DZ q H dt F d , ; t G 0. 2.16 .  .H2 N N N 02
0
 .When s and b are arbitrary constants, we take « s d s 1. By 2.150 0
there is
1 1 12 2 2
=Z ?, t q H ?, t q E ?, t .  .  .N N N2 2 22 4 2
t 2q a Z = DZ q H dt .H2 N N N 2
0
21 y b .t t2 2< <F d q 1 y s E ?, t dt q =Z ?, t dt .  .H H0 N N2 240 0
t 2 25 5 5 5F d q e E q =Z dt , 2.17 . .H 2 20 0 N N
0
where
21 y b .
< <e s max 1 y s , .0  54
 .Applying the Gronwall inequality for 2.17 yields
2 2 2sup =Z ?, t q H ?, t q E ?, t F K , 2.18 .  .  .  . /N N N 02 2 2
w xtg 0, T
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where K is independent of N, a , D. By the Sobolev imbedding theorem0 2
and the Holder inequality, we haveÈ
2sup Z ?, t F K , sup Z ?, t = =Z ?, t F K . .  .  . 3r2N 0 N N 06
0FtFT 0FtFT
2.19 .
 .  .  .When a ) 0, using 2.16 , 2.17 , and 2.18 we get2
X
2 2Z = DZ q H F K , 2.20 .  .  ..L 0, T ; L VN N N 0
where K X is independent of N. The proof of Lemma 2.1 is completed.0
LEMMA 2.2. Under the conditions of Lemma 2.1, for the solution
  .  .  ..  .  .Z x, t , H x, t , E x, t of the periodic initial ¨alue problem 2.2 ] 2.5N N N
there are
 .1 when a s 0,2
y2 y2 y25 5 5 5 5 5sup Z q E q H F K ; 2.21 .H V . H V . H V .N t N t N t 1
w xtg 0, T
 .2 when a ) 0,2
5 5 3r2 5 5 2 y1 5 5 2 y1Z q E q H F K , 2.22 .L Q . L 0 , T ; H V .. L 0 , T ; H V ..N t N t N t 2T
where the constants K and K are independent of N and D.1 2
 . 2Proof. 1 When a s 0, for any w g H , w can be represented by2 0
w s r q w ,N N
where
N `
w s b w x , w s b w x . .  . N s s N s s
ss1 ssNq1
For s G N q 1,
Z ? w x dx s 0. .H N t s
V
Then, by Lemma 2.1 there are
Z w dx s Z w x Dx s a Z = DZ q H w x dx .  .  .H H HN t N t N 1 N N N N
V V V
s a =Z = Z ? =w dx q a Z = H ? w dxH H1 N N N 1 N N N
V V
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< < 5 5 5 5 5 5 5 5 5 5 5 5F a =Z Z q Z H =w q w .  .2 2 2 2 2 `1 N N N N N N
5 5 2 5 5 2F C w F C w ,H V . H V .N
5 5 5 5 5 5 5 5 5 5 2E w dx F C E q H =w q w F C w , . .H 2 2 2 2 H V .N t 1 N N
V
< < < < <H w d F b Z w dx q =w E dxH H HN t N t N
V V V
< < 5 5 5 5F b Z w dx q =w EH 2 2N t N
V
5 5 2 5 5 5 5 2F C w q C =w F C w .H V . 2 H2 3
Then there holds
5 5 y2 5 5 y2 5 5 y2Z q E q H F K .H V . H V . H V .N t N t N t 1
 .2 For a ) 0,2
T
Z ? w dx dt .H H N t
0 V
< <F a Z = DZ q H w dx dt .HH1 N N N
QT
q a Z = Z = DZ q H w dx dt . .HH2 N N N N
QT
2< < 5 52F a Z = DZ q H w .  . L Q .L Q1 N N N TT
6 35 5 5 52q a Z Z = DZ q H w .  .L Q . L Q .L Q2 N N N NT TT
5 5 3F C w ,L Q .4 T
15 5Z ? w dx F C w , .H H V .N t 5
V
T T
< < 5 5 5 5 5 5 5 5E w dx dt F s E w dt q H =w dtHH H 2 2 H 2 2N t N N N
Q 0 0T
1r2 5 5 2 1F C T w ,L 0 , T ; H V ..6
H w dx dt s yb Z w x , t dx dt .HH HHN t N t N
Q QT T
y = = E w x , t dx dt .HH N N
QT
BOLING AND FENGQIU336
T
2 15 5 5 5 5 5F C w q C E =w dtL 0 , T ; H V .. H 27 N 8 N N
0
5 5 2 1 1r2 5 5 2 1F C w q C T wL 0 , T ; H V .. L 0 , T ; H V ..7 8 N
5 5 2 1F C w .L 0 , T ; H V ..9
Lemma 2.2 is proved.
LEMMA 2.3. Under the conditions of Lemma 2.1, for the solution
  .  .  ..  .  .Z x, t , H x, t , E x, t of the periodic initial ¨alue problem 2.2 ] 2.5N N N
there are
 .1 when a s 0,2
Z ?, t y Z ?, t q H ?, t y H ?, t .  .  .  .N 1 N 2 N 1 N 22 2
q E ?, t y E ?, t .  .N 1 N 2 2
< <1r3F K t y t , 2.23 .3 1 2
where the constant K is independent of N, D;3
 .2 when a ) 0,2
2r3< <Z ?, t y Z ?, t F K t y t , 2.24 .  .  .N 1 N 2 4 1 23
y1 y1H ?, t y H ?, t q E ?, t y E ?, t .  .  .  . .  .H V H VN 1 N 2 N 1 N 2
< <1r2F K t y t , 2.25 .5 1 2
where the constant K is independent of N, D.4
 .Proof. 1 When a s 0, by the Sobolev interpolation inequality of2
negative order, there is
Z ?, t y Z ?, t .  .N 1 N 2 2
1r3 2r3
y2 1F C Z ?, t y Z ?, t Z ?, t y Z ?, t .  .  .  . .  .H V H VN 1 N 2 N 1 N 2
1r3
­ Zt N2 1r3< <F C9 dt F C0 t y t .H 2 1­ t y2t  .1 H V
5  .  .5Similarly, the above inequality holds for H ?, t y H ?, t , and2N 1 N 2
5  .  .5E ?, t y E ?, t .2N 1 N 2
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 .2 When a ) 0,2
­ Zt N2Z ?, t y Z ?, t s dt .  . HN 1 N 2 3 ­ tt1 3
1r33­ ZN2r3< <F t y t dx dtHH2 1  /­ tQT
< < 2r3F K t y t ,4 2 1
­ Ht N2
y1H ?, t y H ?, t s dt .  . H .H VN 1 N 2 ­ t y1t  .1 H V
1r22­ HT N1r2< <F t y t dtH2 1 y1 / .­ t H V0
< <1r2F K t y t .5 2 1
 .  .For E x, t y E x, t a similar inequality holds. Lemma 2.3 is im-N 1 N 2
proved.
By using the above integral estimates of the approximate solution, we
have
LEMMA 2.4. Under the conditions of Lemma 2.1, the initial ¨alue problem
 .  .for the system of the ordinary differential equation 2.2 ] 2.4 has at least one
 .  .  . continuously differentiable and global solution a t , b t , g t s ssN sN sN
w x.1, 2, ? , N, t g 0, T .
3. EXISTENCE OF GENERALIZED SOLUTION
 .DEFINITION 3.1. The three dimensional vector functions Z x, t g
` 1 ..  . ` 2 ..  . ` 2 ..L 0, T ; H V , H x, t g L 0, T ; L V , E x, t g L 0, T ; L V are
 .called the generalized solutions for the periodic initial value problem 1.7 ,
 .  .  .  .  .  .1.8 of the system 1.1 a G 0 , 1.2 , 1.3 , 1.4 , if for any vector-valued2
 .  . 1 .  .test function c x, t , and test function z x, t g C Q , c x, T s 0,T
 .  .c x q De , t s c x y De , t , i s 1, 2, 3, the following equalities holdi i
Z ? c dx dt y a Z = DZ q H ? c dx dt .HH HHt 1
Q QT T
y a Z = DZ q H ? Z = c dx dt s 0 a ) 0 3.1 .  .  .HH2 2
QT
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or
Z ? c dx dt q a Z = =Z ? =c dx dtHH HHt 1
Q QT T
y a Z = H ? c dx dt s 0 a s 0 .  .HH1 2
QT
E ? c es t dx dt q es t = = c ? H x , t dx dt .HH HHt
Q QT T
q E x ? c x , 0 dx s 0, 3.2 .  .  .H 0
V
H x , t q b Z x , t c dx dt y = = c ? E x , t dx dt .  .  . .HH HHt
Q QT T
q H x q b Z x ? c x , 0 dx s 0, 3.3 .  .  .  . .H 0 0
V
=z ? H q b Z dx dt s 0, 3.4 .  .HH
QT
=z ? E dx dt s 0, 3.5 .HH
QT
Z x , 0 s Z x , a.e. x g V . 3.6 .  .  .0
 .  .LEMMA 3.1. If the initial ¨alue ¨ector functions E x , H x satisfy the0 0
condition
=z ? E dx s 0, =z H x q b Z x dx s 0, 3.7 .  .  . .H H0 0 0 0 0
V V
 . 1 .  .  .  .  .where z x, t g C Q , z x, T s 0, z s z x, 0 , then from 3.2 , 3.3 itT 0
follows that
=z ? E x , T dx dt s 0, =z ? H x , t q b Z x , t dx dt s 0. .  .  . .HH HH
Q QT t
Proof. Take
t T ys t 1c x , t s =z dt y =z dt e , z g C Q . .  .H Ht T /0 0
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 .By 3.2 we get
E ? =z dx dt q E x ? =z dx dt s 0. .HH HH 0 0
Q QT T
Since
=z ? E x dx s 0, .H 0 0
V
there is
E ? =z dx dt s 0.HH
QT
By letting c s H t =z dt y HT =z dt, we have0 0
T
H q b Z =z dx dt q H q b Z x =z dx dt s 0. .  . .HH H H0 0 0
Q V 0T
From
H q b Z x =z dx s 0, . .H 0 0 0
V
it follows that
H q b Z ? =z dx dt s 0. .HH
QT
 . 1 .  . 2 .  .THEOREM 3.1. Assume Z x g H V , H x g L V , E x g0 0 0
2 .  .L V , and they are periodic function with periodicity D, and satisfy 3.7 .
 .  .Then the periodic initial ¨alue problem 1.7 , 1.8 for the system of
 .  .Landau]Lifshitz]Maxwell 1.1 ] 1.4 has at least one generalized solution
 .  .  .Z x, t , H x, t , E x, t . When a ) 0,2
Z x , t g L` 0, T ; H 1 V l C 0, 2r3. 0, T ; L3 V , .  .  . .  .
E x , t , H x , t g L` 0, T ; L2 V l C 0, 1r2. 0, T ; Hy1 V . 3.8 .  .  .  .  . .  .
When a s 0,2
Z x , t g L` 0, T ; H 1 V l C 0, 1r2. 0, T ; L2 V , .  .  . .  .
E x , t , H x , t g L` 0, T ; L2 V l C 0, 1r3. 0, T ; L2 V . 3.9 .  .  .  .  . .  .
 . 1 .  .Proof. For any vector-valued test function c x, t g C Q , c x, TT
s 0, we define an approximate sequence
N
c x , t s b t w x , .  .  .N n n
ns1
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 .  .  .where b t s H c x, t w x dx. We know that c is uniformly conver-n V n N
 . 1 .gent to c x, t in C Q .T
  .From the uniform estimate for the approximate solution Z x, t ,N
 .  .4H x, t , E x, t in Section 2, it follows thatN N
Z x , t ª Z x , t weakly in L6 Q , .  .  .N T
Z x , t ª Z x , t strongly in L6yh Q h ) 0 .  .  .  .N T
Z x , t ª Z x , t strongly in L` 0, T ; H 1 V , .  .  . .N
H x , t ª H x , t weakly in L` 0, T ; L2 V , .  .  . .N
E x , t ª E X , t weakly in L` 0, T ; L2 V , .  .  . .N
Z x , t ª Z x , t weakly in L1r2 Q a ) 0 .  .  .  .N t t T 2
Z x , t ª Z x , t weakly in L` 0, T ; Hy2 V a s 0 . 3.10 .  .  .  .  . .N t t 2
 .  .  . s t  .Making the scalar products of b t with 2.2 , 2.3 , and e b with 2.4 ,s s
and summing up the products for s s 1, 2, . . . , we get
Z ? c dx dt y a Z = DZ q H ? c dx dt .HH HHN t N 1 N N N N
Q QT T
y a Z = DZ q H ? Z = c dx dt s 0, 3.11 .  .  .HH2 N N N N N
QT
H q b Z ? c x , t dx dt s y = = E ? c x dx dt , .  .  .HH HHN t N t N N N
Q QT T
3.12 .
d
s t s te E ? c x , t dx dt s e = = H ? c x dx dt. .  . .HH HHN N N NdtQ QT T
3.13 .
 .Rewriting 3.12 , we get
H q b Z x , t c dx dt . .HH N N N t
QT
q H x , 0 q b Z x , 0 ? c x , 0 dx dt .  .  . .H N N N
V
y = = c ? E x , t dx dt s 0. 3.14 .  .HH N N
QT
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 .Rewriting 3.13 , we get
E ? c es t dx dt q es t = = c ? H x , t dx dt . .HH HHN N t N N
Q QT T
q E ?, 0 ? c ?, 0 dx s 0. 3.15 .  .  .H N N
V
 .  .  .1 By 2.21 , 2.22 we get
Z ? c dx dt s Z ? c dx dt ª Z c dx dt ,HH HH HHN t N N t t
Q Q QT T T
H q b Z c dx dt ª H q b Z ? c dx dt , .  .HH HHN t N t N t t
Q QT T
H x , 0 q b Z x , 0 c x , 0 dx .  .  . .H N N N
V
ª H x q b Z x c x , 0 dx. .  .  . .H 0 0
V
 .2 Let
i = = c ? E x , t dx dt ª = = c ? E dx dt , .  .HH HHN N
Q QT T
ii es t = = c ? H dx dt ª es t = = c ? H dx dt. . HH HHN N
Q QT T
In fact
= = c ? E dx dtHH N N
Qt
s = = c y c ? E dx dt q = = c ? E dx dt .  .HH HHN N N
Q QT T
s = = c y c ? E dx dt q = = c ? E dx dt .  .HH HHN N
Q QT T
q = = c E y E dx dt. .  .HH N
QT
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As
= = c y c ? E dx dt .HH N N
QT
1r2
2
25 5F = c y c dx dt E ª 0, .HH L Q .N N T /QT
= = c ? E y E dx dt ª 0, .  .HH N
QT
 .  .i is proved. Similarly ii can be proved.
 .   .43 There exists a subsequence Z x, t such that, as N ª q`N
i .
­ Z ­ ZN ` 3r2Z = ª Z = weakly star in L 0, T ; L V i s 1, 2, 3 .  . .N ­ x ­ xi i
3.16 .
ii .
­ Z ­ ZN 2Z = ª Z = weakly star in L Q i s 1, 2, 3 . .  .N T /  /­ x ­ xi ix xi i
3.17 .
 . 1 .In fact, for any test function c x, t g C Q , there isT
­ Z ­ ZN
Z = y Z = ? c dx dtHH N /­ x ­ xQ i iT
­ ZNs Z y Z = ? c dx dt .HH N ­ xQ iT
­ Z ­ ZNq Z = y dx dt.HH  /­ x ­ xQ i iT
 .  . 2 .Since Z x, t is strongly convergent to Z x, t in L Q and ­ Z r­ x isN T N i
2 .weakly convergent to ­ Zr­ x in L Q , and Z , ­ Z r­ x are uniformlyi T N N i
2 .bounded in L Q with respect to N, it is easy to prove that the rightT
hand side of the above equality is convergent to zero as N ª q`
 .In the following we prove ii . By Lemma 2.1, when a ) 0, Z =2 N
 . 2 .DZ q H is uniformly bounded in L Q with respect N. Then thereN N T
 . 2 .exists a vector function V x, t g L Q such that for any test functionT
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 . 1 .c x, t g C Q , there holdsT
Z = DZ q H ? c dx dt . .HH N N N QT
y V x , t q Z = H ? c x , t dx dt ª 0. .  . .HH N N /QT
On the other hand, as N ª q`,
Z = DZ q H ? c dx dt . .HH N N N
QT
s y Z = =Z ? =c q Z = H ? c dx dt .HH N N N N
QT
ª y Z = =Z ? =c dx dt q Z = H ? c dx dt , .  .HH HH
Q QT T
 .where we have used i and the fact that
Z = H y Z = H ? c dx dt .HH N N
QT
F Z y Z = H ? c dx dt q Z = H y H ? c dx dt .  .HH HHN N N
Q QT T
T
5 5 5 5 5 5F Z y Z H c dt q Z = H y H ? c dx dt .H 5 2 10r3 HHN N N
0 QT
ª 0 N ª q` . 3.18 .  .
Then
V ? c dx dt s y Z = =Z ? =c dx dt , .HH HH
Q QT T
Z = DZ s V g L2 Q . .T
To prove the existence of the generalized solution is remains to prove
Z = DZ q H ? Z = c dx dt .  .HH N N N N N
QT
ª Z = DZ q H ? Z = c dx dt. .  .HH
QT
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In fact
Z = DZ q H ? Z = c dx dt .  .HH N N N N N
QT
y Z = DZ q H ? Z = c dx dt .  .HH
QT
s Z = DZ y Z = DZ ? Z = c dx dt .  .HH N N
QT
q Z = DZ ? Z = c y Z = c dx dt .  .HH N N N N
QT
q Z = H y Z = H ? Z = c dx dt .HH N N
QT
q Z = H ? Z = c y Z = c dx dt .HH N N N N
QT
s I N q I N q I N q I N .1 2 3 4
 . NBy 3.17 , I ª 0 as N ª `. Moreover1
1r2
2N 2< < 5 5 < <I F Z = DZ Z = c y Z = c dx dtL Q . HH2 N N NT  /QT
2F C Z = c y c q Z y Z = c dx dt ª 0. .  .HH N N N
QT
N  .  .I ª 0 N ª ` , which is similar with 3.18 .3
< N < 5 5 2 5 5 4 5 5 4I F H Z Z = c y Z = c ª 0.L Q . L Q . L Q .4 N N N NT T T
 .  .  .Therefore, by taking N ª ` in 3.11 , 3.14 , and 3.15 , we obtain the
 .  .  .limit function Z x, t , H x, t , E x, t satisfying the integral equality
 .  .  .  .  .3.1 ] 3.3 . Obviously 3.4 , 3.5 , 3.6 hold. The generalized solution of the
 .  .  .  .periodic initial value problem 2.2 ] 2.4 , 2.7 , 2.8 is obtained.
From Lemma 2.1 we have
THEOREM 3.2. Assume the conditions of Theorem 3.1 hold. Then the
 .  .  .  .periodic initial ¨alue problem 2.2 ] 2.4 , 2.7 , 2.8 has at least one solution
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satisfying
Z x , t g L` 0, T ; H 1 V l C 0, 2r3. 0, T ; L3 V a ) 0 , .  .  .  . .  . 2
H x , t , E x , t g L` 0, T ; L2 V l C 0, 1r2. 0, T ; Hy1 V .  .  .  . .  .
a s 0 , .2
Z x , t g L` 0, T ; H 1 V l C 0, 1r3. 0, T ; L2 V , .  .  . .  .
H x , t , E x , t g L` 0, T ; L2 V l C 0,'1r3. 0, T ; L2 V . .  .  .  . .  .
Note that the a priori estimates in Section 2 are independent of D. By
using the diagonal method and letting D ª `, and applying the similar
w xargument of 20 , we can get
THEOREM 3.3. Assume that the conditions of Theorem 3.1 hold in R3.
 .  .  .Then for the initial ¨alue problem 2.2 ] 2.4 , 2.8 there exists one generalized
solution satisfying
Z x , t g L` 0, T ; H 1 R3 l C 0, 2r3. 0, T ; L3 R3 a ) 0 , .  .  .  . .  .l oc 2
H x , t , E x , t g L` 0, T ; L2 R3 l C 0, 1r3. 0, T ; Hy1 R3 .  .  .  . .  .l oc
a s 0 , .2
Z x , t g L` 0, T ; H 1 R3 l C 0, 1r2. 0, T ; Hy1 R3 , .  .  . .  .l oc
H x , t , E x , t g L` 0, T ; L2 R3 l C 0, 1r3. 0, T ; L2 R3 . .  .  .  . .  .l oc
REFERENCES
1. L. Landau and E. Lifshitz, Electrodynamique des milieux continus, in ``Cours de Physique
Theorique,'' Vol. VIII, Mir, Moscow, 1969.Â
2. Boling Guo and Minchun Hong, The Landau]Lifshitz equation of the ferromagnetic spin
 .chain and harmonic maps, Calculus Variations Partial Differential Equations 1 1993 ,
311]334.
3. Boling Guo and Youde Wang, Generalized Landau]Lifshitz systems of the ferromagnetic
 .  .spin chain and harmonic maps, Science in China, Ser. A 39 12 1996 1242]1287.
4. Yuenmei Chen and Boling Guo, Two dimensional Landau]Lifshitz equations, J. Part.
 .  .Diff. Eqs. 9 4 1996 , 313]322.
5. K. Makamura and T. Sasada, Soliton and wave trains in ferromagnetics, Phys. Lett. A 48
 .1974 , 321]322.
6. M. Lakshmanan, T. W. Ruijgrok, and C. J. Thompson, On the dynamics of e continuum
 .spin system, Phys. A 84 1976 , 577]590.
7. J. Tjon and T. Wright, Soliton in the continuous Heisenberg spin chain, Phys. Re¨ . B 15
 .1977 , 3470]3476.
8. H. C. Fogedby, ``Lecture Notes in Phys.,'' Vol. 131, Springer-Verlag, BerlinrNew York,
1980.
9. L. A. Takhtajan, Integration the continuous Heisenberg spin chain through the inverse
 .scattering method, Phys. Lett. A 64 1977 .
BOLING AND FENGQIU346
10. V. E. Zakharov and L. A. Takhtajan, Equivalence of nonlinear Schrodinger equ. andÈ
 .Heisenberg ferromagnet, Theoret. and Math. Phys. 38 1979 .
11. M. Lakshmanan and M. Daniel, Soliton damping and energy loss in the classical
 .continuous Heisenberg spin chain, Phys. Re¨ . B 24, No. 11 1981 .
12. M. Daniel and M. Lakshmanan, Perturbation of solitons in the classical continuous
 .isotropic Heisenberg spin system, Phys. A 120 1983 , 125]152.
13. M. Lakshmanan and K. Nakamura, Landau]Lifshitz equs. of ferro-magnetism: Exact
 .treatment of the Gilbert damping, Phys. Re¨ . Lett. 53, No. 6 1984 , 2497]2499.
14. Yulin Zhou and Boling Guo, The solvability of the initial value problem for the
quasilinear degenerate parabolic system, in ``Proceeding of DD-3 Symposium, 1982,'' pp.
713]732.
15. Yulin Zhou and Boling Guo, Existence of weak solution for boundary problems of
 .systems of ferromagnetic chain, Scientia Sinica A 27 1981 , 779]811.
16. Yulin Zhou and Boling Guo, Finite difference solutions of the boundary problems for
 .systems of ferromagnetic chain, J. Comput. Math. 1 1983 , 294]302.
17. Yulin Zhou and Boling Guo, Some boundary problems of the spin systems and the
 .systems of ferromagnetic chain. I. Nonlinear boundary problems, Acta Math. Sci. 1986 ,
4.
18. Yulin Zhou and Boling Guo, Some boundary problems of the spin systems and the
 .systems of ferromagnetic chain. II. Mixed problems and others, Acta Math. Sci. 7 1987 ,
121]132.
19. Yulin Zhou and Boling Guo, Weak solution of system of ferromagnetic chain with several
 .variables, Scientia Sinica A 30 1987 , 1251]1266.
20. Yulin Zhou, Boling Guo, and Shaobin Tan, Existence and uniqueness of smooth solution
 .for system of ferromagnetic chain, Sci. China Ser. A 54, No. 3 1991 , 257]266.
21. Yulin Zhou, Hesheng Sun, and Boling Guo, The Cauchy problem for one class of the
 .system of Landau]Lifshitz equations, Sci. China 23, No. 4 1993 , 352]362.
22. Yulin Zhou, Hesheng Sun, and Boling Guo, Multidimensional system of ferro-magnetic
 .chain type, Sci. China Ser. A 36, No. 12 1993 .
23. Boling Guo and Fengqiu Su, The global solution for Landau]Lifshitz]Maxwell equa-
tions, to appear.
24. A. Visintin, On Landau]Lifshitz equation for ferromagnetism, preprint, 1985.
25. J. Lions and E. Magenes, ``Nonhomogeneous Boundary Value Problems and Applica-
tions, I,'' Springer-Verlag, BerlinrHeidelbergrNew York, 1972.
